ABSTRACT. In this paper, we study the dimension of cohomology of semipositive line bundles over Hermitian manifolds, and obtain an asymptotic estimate for the dimension of the space of harmonic´¼ Õµ-forms with values in high tensor powers of a semipositive line bundle when the fundamental estimate holds. As applications, we estimate the dimension of cohomology of semipositive line bundles on Õ-convex manifolds, pseudo-convex domains, weakly ½-complete manifolds and complete manifolds. We also obtain the estimate of cohomology on compact manifolds with semipositive line bundles endowed with a Hermitian metric with analytic singularities and the related vanishing theorems.
INTRODUCTION
The purpose of this paper is to prove asymptotic estimates for the cohomology of semipositive line bundles over various non-compact manifolds. We generalize the asymptotics obtained by Berndtsson [Ber02] in the compact case, which in turn refine the holomorphic Morse inequalities of Demailly [Dem85] .
Let be a compact complex manifold, let Ä be a holomorphic line bundle and be a holomorphic vector bundle on . The Dolbeault cohomology À ¼ Õ´ Ä ª µ plays a fundamental role in algebraic and complex geometry and is linked to the structure of the manifold, cf. [Dem, Dem85, MM07] . If Ä is a positive line bundle, À ¼ Õ´ Ä ª µ ¼ for Õ ½ and large enough, by the Kodaira-Serre vanishing theorem (see e.g. [MM07, Theorem 1.5.6]) and this can be used to prove that global holomorphic sections of Ä ª
give a projective embedding of for large (Kodaira embedding theorem). Assume now that Ä is semipositive. The solution of the Grauert-Riemenschneider conjecture [GR70] by Siu [Siu84] and Demailly [Dem85] We will consider first a very general situation where we can prove the decay of the cohomology groups as above. Let´ µ be a Hermitian manifold of dimension Ò. Let 
½.
A geometric situation when Theorem 1.1 can be applied is the case of a semipositive line bundle on a complete Kähler manifold which polarizes the Kähler metric at infinity. 
We denote here by À ´ Ä ª µ the cohomology groups of the sheaves Ç ´Ä ª µ of holomoprhic sections of Ä ª . They are isomorphic to the Dolbeault cohomology groups À ¼ ´ Ä ª µ.
In the case of ½-convex manifolds estimate (1.7) holds without additional hypothesis. 
Note that for a Hermitian metric with analytic singularities on line bundles over connected compact complex manifolds (see Definition 2.9), the non-negative rational number does not depend on the local form (2.9) of the weight ³. Our paper is organized in the following way. In Section 2 we introduce the notations and recall the necessary facts. In Section 3, we give an asymptotic estimate for Ä ¾ -cohomology with semipositive line bundles on Hermitian manifolds, which is a uniform approach to consider semipositive line bundles on complex manifolds. As applications, we obtain the estimate of growth of dimension in certain possibly non-compact complex manifolds. In additional, we revisited the compact and covering manifolds in this context. In Section 4, we prove the estimate of cohomology still holds when the Hermitian metric of the line bundle has analytic singularities. Meanwhile, two vanishing theorems of line bundles are given in the setting of analytic singular Hermitian metric. 
is a positive, self-adjoint extension of Kodaira Laplacian, called the Gaffney extension.
Definition 2.2. The space of harmonic forms H
where Î ℄ denotes the closure of the space Î . The Õ-th (non-reduced) Ä ¾ -Dolbeault cohomology is defined by (2.5) 2.2. Õ-convex complex manifolds and -coverings.
Definition 2.3 ([AG62]). A complex manifold of dimension
there exists a smooth function ± ¾ C ½´ Rµ such that the sublevel set ± ⋐ for all ¾ R and the complex Hessian ± has Ò Õ · ½ positive eigenvalues outside a compact subset Ã . Here ⋐ means that the closure is compact in . We call ± an exhaustion function and Ã exceptional set. We say is Õ-complete if Ã in additional. Note that any strongly pseudoconvex domain is ½-convex. Note that any ½-convex manifold is weakly ½-complete. µ be a Hermitian manifold of dimension Ò on which a discrete group acts holomorphically, freely and properly such that is a -invariant Hermitian metric and the quotient is compact. We say is a -covering manifold. 
The same estimate also holds for reduced Ä ¾ -Dolbeault cohomology groups, 
Note that this theorem is a special case of Theorem 1.1, 1.2, 1.3, 1.4, 1.6, 1.7 and the following Theorem 3.22. 
Proof. It follows from Serre duality and Theorem3.17.
For the case of nef line bundles, the following observation refines the estimates in Theorem3.17 as well as Corollary 3.18, and reflects that the magnitude Ò Õ are precise. The study of Ä ¾ cohomology spaces on coverings of compact manifolds has also interesting applications, cf. [GHS98, Kol95] . The results are similar to the case of compact manifolds, but we have to use the reduced Ä ¾ cohomology groups and von Neumann dimension instead of the usual dimension, see [Wan16,  Proof. The third equality is from Theorem 1.9, the second equality is from Theorem 1.7 and the first is given by combining the second equality and (1.14). 
